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I. Introduction

S OME combat aircraft often operate at subsonic speeds and high
angles of attack. These aircraft may become unstable due to

oscillation, mainly a rolling motion known as wing-rock motion.1

This wing-rockmotion is a concernbecause it may have adverse ef-
fects on maneuverability,tracking accuracy,and operationalsafety.
However, the underlyingmechanismof the wing-rockmotion is not
clearly understood. Some analytical studies have been performed
to understand the dynamics of the wing rock.2;3 Moreover, a series
of papers have considered the control of the wing-rock motion sys-
tem basedon the adaptivecontrol technique.4;5 The adaptivecontrol
requires knowledge of the structure of the aerodynamic functions;
however, this structure is dif� cult to obtain. In addition, a neural
network (NN) adaptive controller has been proposed to learn the
system dynamic function.4 However, the NN must be selected with
a suf� ciently large number of neurons in the hidden layer, which
consumes a large amount of processing time for real-time applica-
tions. Moreover, the NN presented in Ref. 4 is a feedforward NN
belonging to static mapping networks. On the other hand, a recur-
rent NN (RNN) has advantages over a feedforward NN, such as
its dynamic response and its information storing ability.6 Because
an RNN has an internal feedback loop, it captures the dynamic re-
sponse of system with external feedback through delays. Thus, the
RNN is a dynamic mapping network.

In this Note, an RNN adaptive control system is developed for a
wing-rock motion system. The RNN adaptive control system com-
prises an RNN controller and a compensation controller.The RNN
controlleris theprincipalcontroller,and thecompensationcontroller
is a compensatorfor the differencebetween the system dynamic and
the RNN approximator. Because the RNN system uses an internal
feedback loop, its learning capability is superior to the feedforward
NN for dynamic response. Moreover, the Taylor linearization tech-
nique is employed to increase the learning ability of the RNN. The
online parameter adaptation laws are derived based on a Lyapunov
function; thus, the stability of the system can be guaranteed.

II. Problem Statement and Control Objective
The aerodynamicrollingmoment is a complexnonlinearfunction

of the roll angle, roll rate, and angle of attack. By de� ning the state
vector x D [x1; x2]T D [Á; PÁ]T , where Á is the roll angle, a dynamic
system of the wing-rock motion system can be written in a state
variable form as4

Px1 D x2; Px2 D f .x/ C u (1)

where

f .x/ D b0 C b1x1 C b2x2 C b3jx1jx2 C b4jx2jx2 C b5x3
1 (2)

and the parameters bi , i D 0; 1; : : : ; 5 are nonlinear functions of the
angle of attack. A reference model is speci� ed by a linear time-
invariant differential equation

Pxm D Am xm (3)
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where xm D [xm1; xm2]T D [Ám; PÁm ]T is the reference trajectory
vector and

Am D
µ

0 1

¡!2
n ¡2»!n

¶
(4)

where » > 0 is the dampingratio and !n > 0 is the natural frequency.
For the choice of the damping ratio and natural frequency, Am is a
Hurwitz matrix and the reference trajectory vector xm starting from
any nonzero initial condition tends to zeros as t ! 1. De� ne the
trajectorytrackingerror e D x ¡ xm D [Á ¡ Ám; PÁ ¡ PÁm ]T . Then, the
error dynamic is given by

Pe D Am e C dm [g.x/ C u] (5)

where

dm D [0; 1]T (6)

g.x/ D b0 C
¡
b1 C !2

n

¢
x1 C .b2 C 2»!n/x2 C b3jx1jx2

C b4jx2jx2 C b5x3
1 (7)

III. RNN Adaptive Controller Design
If the nonlinear functiong.x/ is accuratelyknown, there exists an

ideal controlleru¤ D ¡g.x/ such that Eq. (5) becomes Pe D Am e. Be-
cause Am is a Hurwitz matrix, this implies limt ! 1 e D 0. However,
because the nonlinear function g.x/ cannot be accurately known,
the ideal controlleru¤ cannot be exactly implemented. To solve this
problem, an RNN is utilized to approximate the system dynamic
function g.x/. By the universal approximationtheorem, there exists
an optimal RNN approximator g¤ such that7

g.x/ D g¤.x; c¤; s¤; r¤; w¤/ C 1 D w¤T µ¤.x; c¤; s¤; r¤/ C 1 (8)

where 1 denotes an approximationerror; w¤ and µ¤ are the optimal
parameter vectors of w and µ, respectively; and c¤, s¤ , and r¤ are
the optimal parameter vectors of c, s, and r, where the vectors c,
s, and r collect the parameters of the center and inverse radius of
the radial basis function and the internal feedback gain of an RNN,
respectively.6 The RNN approximator is de� ned as

Og D Ow T Oµ.x; Oc; Os; Or/ (9)

where Ow and Oµ are the estimated vectors of w¤ and µ¤, respectively,
and Oc, Os, and Or are the estimated vectors of c¤, s¤, and r¤, respectively.
De� ne the estimated error Qg as

Qg D g ¡ Og D g¤ ¡ Og C 1 D Qw T Oµ C Ow T Qµ C Qw T Qµ C 1 (10)

where Qw D w¤ ¡ Ow and Qµ D µ¤ ¡ Oµ. In the following, some adaptive
laws will be derived to online tune the center, inverse radius, and
feedback gain of the RNN approximator to achieve favorable es-
timation of the dynamic function. To achieve this goal, the Taylor
expansionlinearizationtechniqueis employedto transformthe non-
linear radial basis function into a partially linear form, that is,
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or

Qµ D AT Qc C BT Qs C CT Qr C H (12)

where

A D
µ

@21

@c
¢ ¢ ¢ @2n

@c

¶
jc D Oc; B D
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H is a vector of higher-order terms; Qc D c¤ ¡ Oc, Qs D s¤ ¡ Os, and
Qr D r¤ ¡ Or; and @2k=@c, @2k=@s, and @2k=@r are de� ned as
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By the substitution of Eq. (12) into Eq. (10), it can be determined
that

Qg D Qw T Oµ C Ow T .AT Qc C BT Qs C CT Qr C H/ C Qw T Qµ C 1

D Qw T Oµ C Qc T A Ow C Qs T B Ow C Qr T C Ow C " (16)

where Ow T AT Qc D Qc T A Ow, Ow T BT Qs D Qs T B Ow, and Ow T CT Qr D Qr T C Ow
are used because they are scales, and the uncertain term
" D Ow T H C Qw T Qµ C 1 is assumed to be bounded by j"j · E where
E is a positive constant.

For the error dynamics presented in Eq. (5), the RNN adaptive
control law is proposed as

u.t/ D uRNN.t/ C ucp.t/ (17)

where the RNN controller

uRNN.t/ D ¡ Og.x/ D ¡ Ow T Oµ.x; Oc; Os; Or/ (18)

and the compensation controller

ucp.t/ D ¡ OE sgn
¡
eT Pdm

¢
(19)

in which sgn( ) is a sign function. In the RNN controller, the sys-
tem dynamic function is estimated by the RNN approximator in
Eq. (18). In the compensation controller, OE is an estimated value
of the approximation error bound E , and P is a positive matrix. By
the substitution of Eqs. (17–19) into Eq. (5), the error dynamic is
obtained as

Pe D Ame C dm [g.x/ ¡ Og.x/ C ucp] D Am e C dm

£
Qw T Oµ C Qc T A Ow

C Qs T B Ow C Qr T C Ow C " ¡ OE sgn
¡
eT Pdm

¢¤
(20)

BecauseAm is a Hurwitz matrix,givena positive-de�nite symmetric
matrix Q (denoted as Q > 0/, there exists a matrix P > 0 such that a
Lyapunov equation

AT
mP C PAm D ¡Q (21)

is satis� ed.
Theorem1: Considerthe wing-rocksystempresentedin Eq. (1). If

the RNN adaptive controller is designedas in Eq. (17), in which the
compensation controller ucp.t/ is given in Eq. (19) with the bound
estimation presented in Eq. (26), and if the RNN controlleruRNN.t/

is given in Eq. (18) with the adaptivelaws of the approximatorgiven
in Eqs. (22–25),

POw D ¡ PQw D ´1eT Pdm
Oµ (22)

POc D ¡ PQc D ´2e
T Pdm A Ow (23)

POs D ¡PQs D ´3e
T Pdm B Ow (24)

POr D ¡PQr D ´4e
T Pdm C Ow (25)

POE.t/ D ¡ PQE.t/ D ´5

­­eT Pdm

­­ (26)

where ´1, ´2, ´3, ´4, and ´5 are the learning rates with positive
constants, then the stability of the system can be guaranteed.

Proof: De� ne a Lyapunov function as

V .e; Qw; Qc; Qs; Qr; QE / D eT Pe C Qw T Qw
¯

´1 C Qc T Qc
¯

´2 C Qs T Qs
¯

´3

C Qr T Qr
¯

´4 C QE2
¯

´5 (27)

where QE .t/ D E ¡ OE.t/.WhenEq. (27) is differentiatedwith respect
to time, and by the use of Eqs. (20) and (22–26), it is determined
that
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­­

· ¡eT Qe C 2j"j
­­eT Pdm

­­¡ 2E
­­eT Pdm

­­· 0

As a result, from the Lyapunov theorem (see Ref. 7), the RNN
adaptive control system is guaranteed to be stable.

IV. Simulation Results
The aerodynamicparametersof the delta wing for a 25-deg angle

of attack are used for simulation.4 The bi parameters for the model
in Eq. (2) are given by

b0 D 0; b1 D ¡0:01859521; b2 D 0:015162375

b3 D ¡0:06245153; b4 D 0:00954708; b5 D 0:02145291

(28)

The reference trajectory vector is chosen xm D 0 as t ! 1 with the
parameters » and !n chosen as 1 and 0.8, respectively.For a choice
of Q D ¡ I, solving the Lyapunov equation (21) gives

P D
µ

1:7625 0:7812

0:7812 0:8088

¶
(29)

The learning rate constants in Eqs. (22–26) are selected as ´1 D 20,
´2 D 20, ´3 D 20, ´4 D 20, and´5 D 0:1. If the learningrateconstants
´i , i D 1; 2; : : : ; 5, are chosen to be small, then the parameter con-
vergence of the RNN adaptive controller will be easily achieved;
however, this will result in slow learning speed. On the other hand,
if the learningrate constantsare chosen to be large, then the learning
speedwill be fast;however, theRNN adaptivecontrollersystemmay
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a) State responses

b) Associated control efforts

Fig. 1 NN and RNN adaptive control responses of wing-rock motion.

becomemore unstablefor the parameterconvergence.In the follow-
ing, a comparisonof the tracking accuracy is presentedby using the
NN adaptive controller in Ref. 4 and the proposed RNN adaptive
controller.The NN adaptivecontrollerused a traditional radial basis
function with � xed center and width. The proposed RNN adaptive
controlleruses a radial basis functionwith an internal feedbackloop
and tunes the center, width, and feedback gain of the radial basis
function.Simulations of the NN and RNN adaptivecontrol systems
with � ve hidden layer neurons for the initial condition (Á D 30 deg
and PÁ D 10 deg/s) is shown in Fig. 1. The state responsesare shown
in Fig. 1a, and the associated control efforts are shown in Fig. 1b.
Simulation results show that the tracking performance is consider-
ably improved by using the proposedRNN adaptivecontrol system.

V. Conclusions
In this Note, an RNN adaptive control system is proposed to con-

trol a wing-rock motion system. This Note has successfullydemon-
strated that the adaptive technique has been applied for the design
of an RNN system. This RNN adaptive controller can be applied
to a completely unknown system dynamic function. The adaptive
laws based on the Lyapunov stability theorem can automatically
adjust the interconnectionweights of the RNN. Thus, the stability
of the developed RNN adaptive control system can be guaranteed.
Simulation results have demonstratedthat the proposed RNN adap-
tive controller can achieve favorable control performance for the
wing-rock motion system.
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Introduction

S TAR trackers are increasinglyused on modern day spacecraft.
With the rapid advancement of imaging hardware and high-

speed computer processors,current trackers are small and routinely
achieve arc-second attitude accuracy.1 Typical sampling rates for
these trackers range from 1 to 10 Hz. As computer processor tech-
nology advances, these frequencies will increase, leading to � lter
designs that provide even more accurate results.

The body angular velocity can be derived using a derivative ap-
proach in the attitudekinematicsmodel. For example, if the attitude
quaternion q and its derivative Pq (which is usually approximated
by a � nite difference of the attitude) are known then the angular
velocity ! can be computed from the kinematics equation, with
! D 24T .q/Pq, where 4.q/ is a 4 £ 3 matrix function of the quater-
nion (see Ref. 2 for more details). However, this approach requires
knowledge of the attitude, which is determined from the star refer-
ence and body measurement vectors. In this Note a new and simple
approach to determine the angular velocity is shown that depends
only on knowledge of the body vector measurements, which are
obtained directly from the star tracker. Therefore, angular veloci-
ties can still be determined in the event of star pattern recognition
anomalies. Also, these velocities can be used to control the space-
craft in the event of gyro failures.

Angular Velocity Determination
In this section a least-squares approach is used to deter-

mine the angular velocity from star tracker body measurements
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